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Propulsion through fluids is a key component in the life cycle of many microbes, be it in devel-
opment, infection, or simply finding nutrients. In systems of biomedical relevence, this propulsion
is often through polymer suspensions that endow the fluid with complex non-Newtonian properties,
such as shear-thinning and viscoelastic behaviour. Due to the complexity of 3D non-Newtonian
modelling, 2D undulatory propulsion has recently been extensively-studied as a means of garnering
physical intuition for these systems. However, while streamlines, swimming speeds, and swimmer
trajectories are strikingly similar in 2D and 3D Newtonian calculations, behaviour in non-Newtonian
fluids depends upon flow derivatives, such as the shear rate, which are radically different. Taking
shear-thinning as an example rheology, prevalent in biological fluids such as physiological mucus,
this communication demonstrates how failing to account for this difference can misguide our under-
standing of 3D non-Newtonian swimming.
I. INTRODUCTION
Microscale undulatory swimming is a key component of many important biological processes, such as mammalian
reproduction [1] and Lyme disease infection [2], the most commonly-reported vectorborne illness in the US. Through
waving a slender tail (flagellum), undulatory swimmers such as sperm generate propulsive force [3–5] which results
in forward motion [6]. In both of these examples, as with other biomedically-relevant systems, the microswimmer
must progress through a non-Newtonian fluid, physiological mucus [7] for the sperm, and the mammalian dermis for
the spirochete.
In 1951, G. I. Taylor initiated the fluid dynamical study of undulatory propulsion by demonstrating that a two-
dimensional (2D), infinite sheet could swim by propagating a travelling wave along its body [8]. A year later, Taylor
extended this 2D analysis to an infinite cylinder undergoing planar undulations [9]. Subsequently, a variety of New-
tonian fluid studies were undertaken that led to the development of slender body theory [3, 5, 10] and its algebraic
approximation resistive force theory [4, 5], while additional studies incorporated nonlocal interactions between the
flagellum and swimmer bodies [11], boundary features [12, 13], and the elastohydrodynamics of the undulating flag-
ellum [14–18].
Owing to the biomedical importance of non-Newtonian undulatory propulsion, there has recently been an extensive
research program to understand the effects of non-Newtonian rheology upon undulatory propulsion. Barring a few
exceptions [19, 20], these studies have typically been 2D; they include computational studies in shear-thinning fluids
with finite elements [21, 22], finite volume methods [23], immersed boundary simulations in viscoelastic fluids [24, 25],
and a significant number of asymptotic studies utilising Taylor’s swimming sheet approach to study shear-thinning [26],
viscoelastic [27–30], two-fluid [31], yield-stress [32], and transversely isotropic fluids [33], as well as liquid crystals [34].
The non-Newtonian aspects of these flows typically depend upon flow derivative quantities, such as the shear rate or
normal stresses. This dependence motivates the question as to whether these 2D flow derivatives are representative
of those in equivalent 3D models, and whether any differences qualitatively affect the non-Newtonian flow.
This paper will focus upon the effects of differences in flow derivative calculation for microscale undulatory swimming
in shear-thinning rheology, an important non-Newtonian behaviour that has been observed in physiological mucus [35].
Recent 2D computational studies [21–23] have concluded that gradients in fluid viscosity, creating a corridor of thinned
fluid surrounding the swimmer, are key to understanding the effects of shear-thinning on swimmer velocity. Similarly,
Go´mez et al. [36] found that a “confinement effect” arising from a corridor of thinned fluid surrounding an artificial
bacterial swimmer was responsible for a significantly enhanced velocity in shear-thinning fluids. Since this corridor
of thinned fluid arises from local fluid shear, it is thus critical to understand the shear rates of the surrounding flow.
However, the form of these shear rates is dramatically different for 2D vs 3D undulatory swimmers, owing to the
inability of the fluid to “flow over” a 2D sheet.
A. Equations of flow
For shear-rate dependent fluids at microscopic scales, flow dynamics is well-modelled by the generalised Stokes flow
equations,
∇ · (µε(u)) =∇p, ∇ · u = 0, ε(u) =∇u +∇uT, (1)
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2for fluid velocity u, pressure p and viscosity µ. For Newtonian fluids, the viscosity µ is constant, but for rate-dependent
fluids, µ is a function of the shear rate, γ˙ =
√
ε(u) : ε(u)/2. Thus, innacurate calculation of flow derivatives can lead
to incorrect viscosity fields or “fake µs”, which can misguide our understanding of non-Newtonian rheological effects.
For shear-thinning fluids, such as physiological mucus, the viscosity dependence upon the shear rate may be modelled
by the Carreau law [37],
µ(γ˙) = µ∞ + (µ0 − µ∞)(1 + (λγ˙)2)(n−1)/2, (2)
where µ0, µ∞ are the fluid viscosity at zero and infinite shear rates respectively, and the time constant λ and power-
law index n affect the speed of the monotonic decrease from µ0 to µ∞ as shear rate γ˙ increases. In dimensionless
form, the viscosity is given,
µ(γ˙) = µs + (1− µs)(1 + (Cuγ˙)2)(n−1)/2, (3)
and we see that the important parameters are n, the viscosity ratio µs = µ∞/µ0 and Carreau number Cu = ωλ, for
flagellar waveform angular frequency ω.
Thus for shear-thinning, as with most non-Newtonian fluids, flow dynamics depends nonlinearly upon the flow
velocity derivatives, and as such it is important to choose a model which accurately represents these derivatives.
However, in the following argument we will neglect this nonlinear flow feedback and consider Newtonian base cases
in 2D and 3D, which can give an approximate indication of the “zeroth-order” behaviour [38] of the non-Newtonian
system. Our justification for this approach in the case of shear-thinning runs as follows,
1. For certain biological systems of interest, the wave amplitude is comparatively small; for instance, the wave
amplitude of the nematode worm C. Elegans is approximately a tenth of the wavelength [39].
2. The 1st- and 2nd-order solutions for a waving sheet in a shear-thinning fluid are identical to the Newtonian
case, irrespective of the extent of shear-thinning rheology, with changes to propulsive velocity only appearing
at 4th-order in amplitude [26].
3. Indeed, for large-amplitude 2D simulations of a waving sheet in shear-thinning fluid, the shear rate is well
approximated by the small-amplitude Newtonian solution for a range of viscosity parameters [23].
4. A scaling law for power expenditure in shear-thinning fluids derived by Li and Ardekani [23] in their 2D work,
which relies on the flow shear rate being largely insensitive to the degree of shear-thinning rheology, has subse-
quently been verified experimentally by Gagnon and Arratia [40].
Thus, differences between shear rates as calculatated via small-amplitude Newtonian models can give good qualitative
understanding of realistic systems involving shear-thinning rheology. Our argument thus begins with Taylor’s classic
results for the flow surrounding a small-amplitude swimming sheet [8] and a comparable waving cylinder [9]; In
the 2D case, the shear rate takes a maximum away from the swimmer, whereas in the 3D case this maximum is
on the swimmer. This difference in the underlying Newtonian case has, to good approximation [23], viscosity in a
shear-thinning fluid changing from thick to thin to thick moving away from the swimmer in 2D, and simply thin
to thick in 3D; the 2D model results in a spurious understanding of the 3D viscosity field, and in particular the
pseudo-confinement effect discussed by Li and Ardekani [23] and demonstrated experimentally by Go´mez et al. [36].
II. RESULTS
A. Small-amplitude modelling
For a swimming sheet, we prescribe the centreline kinematics z = s, y = b sin(s − t), for s ∈ (0, 2pi). The flow
velocity to first order is then [8],
v = b(1 + y)e−y cos(s− t), w = bye−y sin(s− t), (4)
and the 2D shear rate γ˙ = [2w2z + (wy + vz)
2 + 2v2y]
1/2, whereupon substitution of the flow velocity derivatives reveals
the somewhat surprising result that the first-order shear rate γ˙ is independent of position s,
γ˙ = 2bye−y, γ˙y = 2be−y(1− y) = 0, ⇒ ym = 1. (5)
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FIG. 1: (a) 2nd-order shear rate of flow around a swimming sheet, showing maximum shear “off” the swimmer surface.
Flow streamlines are shown in white. (b) 1st-order shear rates as a function of distance from the swimmer in the plane
of beating for the flow around a cylinder with radius a = 0.05 and a sheet, with small-amplitude undulations b = 0.2.
(c) Effective viscosity relative to µ0 as a function of distance away from the sheet/filament for models approximating
a nematode swimming in 300 ppm Xanthum gum solution [40], with λ = 1.2 s, n = 0.7, and beat frequency f = 2 Hz,
so that Cu = 4piλ ≈ 15.
Thus, at first order in 2D, the shear rate is zero on the swimmer, increases to a maximum and then decays exponentially,
with the maximum located at ym a distance of one wavenumber of the swimmer travelling wave. This result is
essentially unaffected at second-order, where for convenience we examine the square of the fluid shear rate,
γ˙2 = 4b2[y2e−2y + 2by(2y − 1)e−3y sin(s− t) + b2e−4y(4y2 − 4y + 1)], (6)
and looking for the maxima with respect to y we still see the maximum in the y-direction for fixed s “off” the
swimmer at y = 1, with global maxima over the wavecrests and minima over wave troughs corresponding to the
thickened “plugs” of fluid visible in viscosity fields simulated by both Montenegro-Johnson et al. [22] and Li and
Ardekani [23], as well as in recent work in Bingham fluids [32]. The second order shear rate is plotted (along with
streamlines) in figure 1a.
For an infinite cylinder of small radius a undergoing the same centreline kinematics, the flow velocity on the plane
of the beating is given by [9, 20],
u = b cosφ[ArK1(r) +BK2(r) + CK0(r)], (7a)
v = b sinφ[BK2(r)− CK0(r)], (7b)
w = b cosφ[ArK0(r) + (B + C −A)K1(r)], (7c)
for Ki modified Bessel functions of the second kind, with
A =
(
K0(a) + aK1(a)
[
1
2
+
1
2
K0(a)
K2a
− K0(a)
2
K1(a)2
])−1
, B = −Aa
2
K1(a)
K2(a)
, C =
1−AaK1(a)/2
K0(a)
. (8)
We make the comparison with the 2D shear rate in the plane of beating φ = 0, r = y, where by symmetry [41] the
shear rate is γ˙ = (2u2y + w
2
y + 2(vφ/y)
2)1/2. Since
uy = b[AK1(y) +AyK
′
1(y) +BK
′
2(y) + CK
′
0(y)], (9a)
wy = b[AK0(y) +AyK
′
0(y) + (B+C−A)K ′1(y)], (9b)
vφ = b[BK2(y)− CK0(y)], (9c)
with the derivatives given by,
K ′0(y) = −K1(y), K ′1(y) = −K0(y)−K1(y)/y, K ′2(y) = −K1(y)−K2(y)/y, (10)
we can calculate γ˙ for a range of flagellum radii, for which we see that the maximum value of shear rate is clearly on
the flagellum itself (fig. 1b).
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FIG. 2: Numerical fitting of swimmer kinematics. Curvature of an example swimmer as (a) extracted from microscopy
data and (b) fitted to equation (12). (c) The experimentally extracted waveform in the body frame is shown next to
the numerical waveform (d) achieved through integrating the fitted curvature (b) twice.
The stark contrast between the cylinder and the sheet shear rates is shown in figure 1b. Not only are the maxima
located at different distances from the body, but the maximum shear rate is significantly higher for the cylinder. The
simple explanation is that fluid may ‘flow around’ the cylinder but not the sheet, giving a very large out of plane
contribution to the shear rate at the boundary in 3D, despite the fact that the 2D and 3D models produce similar
flow streamlines in the plane of beating and similar swimmer trajectories.
Under the assumption that the Newtonian and non-Newtonian shear rates are approximately equal [23, 40], we
can examine the difference in viscosity fields between a 2D sheet and a 3D cylinder exhibiting the same kinematics.
Ve´lez-Cordero and Lauga [26] noted that rheological data of shear-thinning fluids typically indicated that µ0  µ∞,
so that to a reasonable approximation,
µ(γ˙) = (1 + (Cuγ˙)2)(n−1)/2, (11)
where µ is normalised by the zero shear rate viscosity. For nematode worms in 300 ppm Xanthum gum solutions [40],
λ = 1.2 s and n = 0.7, while the beat frequency is around 2 Hz giving a Carreau number Cu = 4piλ ≈ 15. Based
upon the shear rates in figure 1b, the relative viscosity of such a fluid as a function of the distance from the swimmer
is shown in figure 1c. The difference between the 2D and 3D swimmers is dramatic; at the surface of the cylinder,
the viscosity is approximately 5 times less viscous than the sheet, and the fluid returns to 90% of the zero shear
rate viscosity at a distance of 1.2 for the cylinder compared to 2.8 for the sheet. As Gagnon and Arratia [40] note,
power expenditure in a shear-thinning fluid is approximately proportional to the fluid viscosity, and as both Li and
Ardekani [23] and Go´mez et al. [36] note, swimming may be enhanced, for fixed kinematics, via pseudo-wall effects of
being in a channel of thinned fluid, so that calculations of power expenditure and swimming enhancement are likely
to be inaccurate if 2D modelling is employed.
B. Nematode worm modelling, 2D vs 3D
Does this effect persist for finite-length swimmers? We generate a smooth-time representation of the planar beating
of C. elegans by fitting the experimentally-extracted [40, 42] curvature κ(s, t) of the worm’s body to the function [25]
κ(s, t) = [c1 − c2s] [cos (ωt+ c3pi(L− s) + c4)] (12)
where ω is the angular frequency of the swimmer beat, s is the length along the swimmer from the head, t is time and
L is the length of the swimmer. Fitting is performed using the Matlab routine lsqcurvefit, which solves nonlinear
curve-fitting in a least-squares sense.
The swimmer curvature is shown in comparison to the numerical fit in figure 2a. This curvature is then integrated
with respect to arclength to give the body centreline tangent angle with respect to the head, ψ(s, t), and integrated
again to provide the waveform xc(s, t) (fig. 2b,c) in the ‘body frame’, where the head neither rotates or translates,
ψ(s, t) =
∫ L
0
κ(s, t) ds, xc(s, t) =
∫ L
0
t(ψ) ds, uc(s, t) =
∫ L
0
ψ˙n(ψ) ds,
t = [cosψ, sinψ, 0]
ᵀ
n = [− sinψ, cosψ, 0]ᵀ
(13)
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FIG. 3: (a) Logarithm of the shear rate log10 γ˙ of flow surrounding a 2D sheet and 3D filament where kinematics
have been fitted to experimental data of C. Elegans centreline swimming. This finite-length solution displays similar
characteristics to the first-order infinite solutions fig. 1b and (b) the effective viscosity fields associated with these
shear rates in 300 ppm Xanthum gum solution [40], showing striking differences.
where the body frame velocity uc is obtained by differentiating the centreline with respect to time.
We model the swimmer as a line distribution of regularised stokeslets in 2D [43] and 3D [44]. For a regularised
driving force located at x, ϕ(r)f , and any point in the flow domain y, we have in the two-dimensional regularised
stokeslet,
ϕ2D (r) =
33
2pir5
, ri = yi − xi, r2 = r2 + 2, S2Dij =
1
4pi
(
− δij
[
ln(r + )− r + 2
2
r2 + r
]
+
rirj [r + 2]
r[r + ]2
)
, (14)
and the three-dimensional regularised stokeslet,
ϕ3D (r) =
154
8pir7
, r2 = r
2 + 2, S3Dij =
δij(r
2 + 22) + rirj
8pir3
. (15)
The flow velocity u(x0) at a point x0 is then given as a line integral of stokeslets S(xc,x0) weighted by the unknown
force-per-unit length f that the swimmer exerts upon the fluid. To find this unknown force, we discretise the swimmer
into N elements Ej with constant force per unit length [45], yielding the matrix system
uc(xi) + U + x0 ∧Ω =
N∑
j=1
fj
∫
Ej
S(xi,xj) ds. (16)
for xi,j the element centroids. The unknown swimming translational and angular velocities U, Ω are found by
specifying that the swimmer exerts zero net force and torque on the fluid.
Figure 3a shows the shear rates at a particular instance during the nematode worm beat cycle for a 2D (left) vs
3D (right) model. Aside from very high shear rates at the worm head and tail, we see that the essential features
of the small amplitude solution persist; the 2D sheet generates lower shear near the sheet, takes its maximum “off”
the sheet, and decays considerably more slowly than the 3D shear rate. This difference is manifest in the effective
viscosity arising from such a shear rate. Under the same assumptions and conditions applied to figure 1c, the 2D vs
3D fluid viscosity surrounding the finite-length worm is shown in figure 3b. As with the small-amplitude solutions,
the relative effective viscosity drops to around 0.2µ0 for the cylinder, although the sheet drops significantly lower.
The distance at which the fluid reaches is zero shear rate viscosity, however, remains significantly lower in the 3D vs
2D case, as with figure 1c, demonstrating a strong confinement effect in 3D, as noted by Go´mez et al. [36], which is
not present in the 2D modelling.
C. Power expenditure scaling law
Despite the fact that the functional forms of the shear rate in 2D and 3D are radically different, Li and Ardekani [23]
recently derived a scaling law based upon the 2D model which has been experimentally verified by Gagnon and
Arratia [40] for (3D) nematode worms exhibiting planar swimming in shear-thinning fluids. In light of the above, we
now briefly explain this agreement.
6The scaling law was derived based upon the assumption used herein, verified by numerical calculation, that the
flow shear rate driven by undulatory swimming in shear-thinning fluids is approximately equal to that in Newtonian
fluids. The experimental validation of Gagnon and Arratia [40] indicate that this assumption is also valid for 3D, and
so we have the ratio of shear-thinning to Newtonian power PS/PN =
∫
V
µ|γ˙|2 dV /∫
V
|γ˙|2 dV , so that
PS
PN
=
∫
V
[µs+(1− µs)(1+Cu2γ˙2)(n−1)/2]|γ˙|2 dV∫
V
|γ˙|2 dV , (17)
and replacing γ˙ with a “typical value” γ˙T [23] this equation may be written
1− PS
PN
= (1− µs)− (1− µs)(1 + Cu2γ˙T 2)(n−1)/2 ⇒ 1− PS/PN
1− µs = 1− (1 + Cu
2γ˙T
2)(n−1)/2, (18)
which is the more general form of the scaling law verified experimentally by Gagnon and Arratia [40]; in short, this law
is only dependent upon the dimensionality of the problem if the typical shear rate γ˙T is estimated from an analytical
solution, leading to the 3/8 constant derived for the 2D case by Li and Ardekani [23] but not required by Gagnon and
Arratia [40] due to the availability of experimental data.
III. DISCUSSION
Undulatory propulsion through non-Newtonian fluids is a biomedically-relevant problem that continues to encap-
tivate many research groups internationally. Strong qualitative agreement between trajectories simulated in 2D and
3D Newtonian fluids suggests that 2D modelling in non-Newtonian fluids should provide a basis for understanding
the 3D problem, however dramatic differences in flow derivative fields such as the shear rate show that the translation
of 2D non-Newtonian intuition should be handled with care.
This argument was applied specifically to the case of undulatory swimming in shear-thinning fluids. Experi-
mental [36] and numerical [23] evidence suggests that shear-thinning rheology affects undulatory propulsion via the
effective viscosity of the surrounding flow, through a pseudo-confinement effect of a corridor of thinned fluid. In
small-amplitude 2D studies, this effect is reversed, with the shear-rate taking its maximum “off” the swimmer. At
large amplitude in 2D this thinned-corridor can return [22, 23], albeit with a likely different form to the 3D case,
which may explain why these studies find enhanced swimming speed whereas Ve´lez-Cordero and Lauga [26] found
no swimming enhancement for an inextensible sheet. Interestingly, the dramatic speed-up predicted by Refs. [22, 23]
and demonstrated experimentally for an artificial bacterial swimmer [36] is not observed in C. elegans [42]. Two
possible reasons for this are 1) difficult to detect, rheology-dependent kinematic changes in the worm, and 2) the fact
that in the planar beating case, out-of-plane fluid thinning is likely to be significantly less than in-plane thinning, in
effect creating a “thinned wafer” of fluid in contrast to a thinned tube [36]. This provides a strong motivation for
the extension of the viscoelastic cylinder framework developed by Fu et al. [19, 20] to shear-thinning rheology as an
avenue of future study.
This work has focused on shear-thinning rheology, however it is important to note that flow derivative quantities
arise when examining the effects on microscale propulsion of most other non-Newtonian fluids, such as yield stress
fluids [32] via the stress, viscoelastic fluids via polymer stress distribution [25], and nematic liquid crystals [34]. Whilst
2D modelling remains important, particularly for artificial microswimmers such as Diller’s swimming sheet [46],
addressing how this difference affects our understanding of 3D non-Newtonian swimming for these rheologies is a
critical issue for future studies, providing incentive for the development of new asymptotic theory as well as 3D
simulations.
ACKNOWLEDGMENTS
T.D.M-J. is supported by a Royal Commission for the Exhibition of 1851 Research Fellowship. T.D.M-J. would
like to thank Paulo Arratia and David Gagnon for experimental data on C. Elegans and continued discussions, David
Smith for manuscript advice, Eric Lauga for insights and discussion, Thomas Powers for his encouragment with the
manuscript, and the anonymous referees for their helpful feedback.
7[1] E. A. Gaffney, H. Gadeˆlha, D. J. Smith, J. R. Blake, and J. C. Kirkman-Brown. Mammalian sperm motility: observation
and theory. Ann. Rev. Fluid Mech., 43:501–528, 2011.
[2] N. W. Charon, A. Cockburn, C. Li, J. Liu, K. A. Miller, M. R. Miller, M. A. Motaleb, and C. W. Wolgemuth. The unique
paradigm of spirochete motility and chemotaxis. Ann. Rev. Microbiol., 66:349–370, 2012.
[3] G. J. Hancock. The self-propulsion of microscopic organisms through liquids. In Proc, Roy. Soc. Lond. A, volume 217,
pages 96–121. The Royal Society, 1953.
[4] J. Gray and G. J. Hancock. The propulsion of sea-urchin spermatozoa. J. Exp. Biol., 32:802–814, 1955.
[5] J. Lighthill. Flagellar Hydrodynamics: The John von Neumann Lecture, 1975. SIAM Rev., 18(2):pp. 161–230, 1976.
[6] E. Lauga and T. R. Powers. The hydrodynamics of swimming microorganisms. Rep. Prog. Phys., 72(9):096601, 2009.
[7] S. H. Hwang, M. Litt, and W. C. Forsman. Rheological properties of mucus. Rheol. Acta, 8(4):438–448, 1969.
[8] G. I. Taylor. Analysis of the swimming of microscopic organisms. Proc. Roy. Soc. Lond. A, pages 447–461, 1951.
[9] G. I. Taylor. The action of waving cylindrical tails in propelling microscopic organisms. Proc. Roy. Soc. Lond. A, pages
225–239, 1952.
[10] R. E. Johnson. An improved slender-body theory for Stokes flow. J. Fluid Mech., 99(02):411, 1979.
[11] J. J. L. Higdon. A hydrodynamic analysis of flagellar propulsion. J. Fluid Mech., 90:685–711, 1979.
[12] L. J. Fauci and A. McDonald. Sperm motility in the presence of boundaries. Bull. Math. Biol., 57(5):679–699, 1995.
[13] D. J. Smith, E. A. Gaffney, J. R. Blake, and J. C. Kirkman-Brown. Human sperm accumulation near surfaces: a simulation
study. J. Fluid Mech., 621:289–320, 2009.
[14] K. E. Machin. Wave propagation along flagella. J. Exp. Biol., 35(4):796–806, 1958.
[15] M. Hines and J. J. Blum. Bend propagation in flagella. I. Derivation of equations of motion and their simulation. Biophys.
J., 23(1):41–57, 1978.
[16] M. Hines and J. J. Blum. Bend propagation in flagella. II. Incorporation of dynein cross-bridge kinetics into the equations
of motion. Biophys. J., 25(3):421–441, 1979.
[17] H. Gadeˆlha, E. A. Gaffney, D. J. Smith, and J. C. Kirkman-Brown. Nonlinear instability in flagellar dynamics: a novel
modulation mechanism in sperm migration? J. Roy. Soc. Interface, pages 1689–1697, 2010.
[18] T. D. Montenegro-Johnson, H. Gadeˆlha, and D. J. Smith. Spermatozoa scattering by a microchannel feature: an elasto-
hydrodynamic model. Roy. Soc. Open Science, 2(3):140475, 2015.
[19] H. C. Fu, T. R. Powers, and C. W. Wolgemuth. Theory of swimming filaments in viscoelastic media. Phys. Rev. Lett.,
99(25):258101, 2007.
[20] H. C. Fu, C. W. Wolgemuth, and T. R. Powers. Swimming speeds of filaments in nonlinearly viscoelastic fluids. Phys.
Fluids, 21(3):033102, 2009.
[21] T. D. Montenegro-Johnson, A. A. Smith, D. J. Smith, D. Loghin, and J. R. Blake. Modelling the fluid mechanics of cilia
and flagella in reproduction and development. Euro. Phys. J. E, 35(10):1–17, 2012.
[22] T. D. Montenegro-Johnson, D. J. Smith, and D. Loghin. Physics of rheologically enhanced propulsion: Different strokes
in generalized Stokes. Phys. Fluids, 25(8):081903, 2013.
[23] G. Li and A. M. Ardekani. Undulatory swimming in non-Newtonian fluids. J. Fluid Mech., 784:R4, 2015.
[24] J. Teran, L. Fauci, and M. Shelley. Viscoelastic fluid response can increase the speed and efficiency of a free swimmer.
Phys. Rev. Lett., 104:38101–38105, 2010.
[25] B. Thomases and R. D. Guy. Mechanisms of elastic enhancement and hindrance for finite-length undulatory swimmers in
viscoelastic fluids. Phys. Rev. Lett., 113(9):098102, 2014.
[26] J. R. Ve´lez-Cordero and E. Lauga. Waving transport and propulsion in a generalized newtonian fluid. J. Non-Newt. Fluid
Mech., 199:37–50, 2013.
[27] E. Lauga. Propulsion in a viscoelastic fluid. Phys. Fluids, 19(8):083104, 2007.
[28] G. J Elfring, O. S. Pak, and E. Lauga. Two-dimensional flagellar synchronization in viscoelastic fluids. J. Fluid Mech.,
646:505–515, 2010.
[29] E. E. Riley and E. Lauga. Enhanced active swimming in viscoelastic fluids. Euro. Phys. Lett., 108(3):34003, 2014.
[30] E. E. Riley and E. Lauga. Small-amplitude swimmers can self-propel faster in viscoelastic fluids. J. Theoret. Biol, 382:345–
355, 2015.
[31] S. A. Mirbagheri and H. C. Fu. Helicobacter pylori couples motility and diffusion to actively create a heterogeneous
complex medium in gastric mucus. Phys. Rev. Lett., 116:198101, May 2016.
[32] D. R. Hewitt and N. J. Balmforth. Taylors swimming sheet in a yield-stress fluid.
[33] G. Cupples, R. J. Dyson, and D. J. Smith. Viscous propulsion in active transversely isotropic media. J. Fluid Mech.,
812:501–524, 2017.
[34] M. S. Krieger, S. E. Spagnolie, and T. Powers. Microscale locomotion in a nematic liquid crystal. Soft Matter, 11(47):9115–
9125, 2015.
[35] S. K. Lai, Y. Y. Wang, D. Wirtz, and J. Hanes. Micro-and macrorheology of mucus. Adv. Drug Del. Rev., 61(2):86–100,
2009.
[36] S. Go´mez, F. A. God´ınez, E. Lauga, and R. Zenit. Helical propulsion in shear-thinning fluids. J. Fluid Mech., 812, 2017.
[37] P. J. Carreau. Rheological equations from molecular network theories. Trans. Soc. Rheol., 16(1):99–127, 1972.
[38] J. D. Goddard. Tensile stress contribution of flow-oriented slender particles in non-Newtonian fluids. J. Non-Newt. Fluid
Mech., 1(1):1–17, 1976.
8[39] X. N. Shen and P. E. Arratia. Undulatory swimming in viscoelastic fluids. Phys. Rev. Lett., 106:208101, 2011.
[40] D. A. Gagnon and P. E. Arratia. The cost of swimming in generalized newtonian fluids: experiments with c. elegans. J.
Fluid Mech., 800:753–765, 2016.
[41] T. D. Montenegro-Johnson, D. A. Gagnon, P. E. Arratia, and E. Lauga. Flow analysis of the low reynolds number swimmer
c. elegans. Phys. Rev. Fluids, 1(5):053202, 2016.
[42] D. A Gagnon, N. C. Keim, and P. E. Arratia. Undulatory swimming in shear-thinning fluids: experiments with caenorhab-
ditis elegans. J. Fluid Mech., 758:R3, 2014.
[43] R. Cortez. The method of regularized Stokeslets. SIAM J. Sci. Comput., 23:1204–1225, 2001.
[44] R. Cortez, L. Fauci, and A. Medovikov. The method of regularized Stokeslets in three dimensions: analysis, validation,
and application to helical swimming. Phys. Fluids, 17(3):031504, 2005.
[45] D. J. Smith. A boundary element regularized stokeslet method applied to cilia-and flagella-driven flow. Proc. Roy. Soc.
Lond. A, 465(2112):3605–3626, 2009.
[46] E. Diller, J. Zhuang, G. Zhan Lum, M. R. Edwards, and M. Sitti. Continuously distributed magnetization profile for
millimeter-scale elastomeric undulatory swimming. App. Phys. Lett., 104(17), 2014.
